A geometric invariant of a space curve, the writhing number, is defined and studied. For the central curve of a twisted cord the writhing number measures the extent to which coiling of the central curve has relieved local twisting of the cord. This study originated in response to questions that arise in the study of supercoiled double-stranded DNA rings.
INTRODUCTION
It is a common observation that when a cord is twisted it tends to form loops or coils. This effect has been cited in physics to explain the instability of twisted magnetic fields [1 ] and in molecular biology to explain the twisting of circular duplex DNA molecules into "superhelices" [2] [3] [4] [5] [6] . J. Vinograd asked the author whether a quantitative analysis of the effect is possible. Such an analysis is initiated here in terms of a quantity we call the writhing number of a closed space curve. This same quantity appears in the work of Cglugareanu [7] and Pohl [8] on closed space curves as a form of Gauss integral. Because our interest here is in space curves that are the central curves of elastic rods we use the term writhing number, after the definition of writhe as a transitive verb: to twist into coils or folds [9] .
The mathematical properties of the writhing number are described in sections 2 and 3; section 3 is not required to understand the other sections. Section 4 shows how the writhing number enters into the analysis of the elastic properties of a twisted and closed thin rod; it is shown quantitatively how the elastic energy due to local twisting of the rod may be reduced if the central curve of the rod forms coils that increase its writhing number. Finally, section 5 discusses the suitability of the twisted and closed thin rod as a model for the elastic properties of a double-stranded DNA ring.
THE WRITHING NUMBER OF A SMOOTH SIMPLE CLOSED CURVE
By a curve X is meant a three-dimensional vector X(t) depending continuously on a parameter t, a < t < b. The curve X is smooth if the function X(t) is of class C' and if X'(t) 5 self-intersections, i.e., X(t1) = X(t2) only when t1 = t2, unless the curve is closed, when the exception X(a) = X(b) is allowed. By a strip (X, U) is meant a smooth curve X together with a smoothly varying unit vector U(t) perpendicular to X at each point [10] . The strip (X,U) is called simple and closed if X is simple and closed and if U and all its derivatives agree at a and b. For any simple closed strip the curves X + eU given parametrically by X(t) + eU(t) are, for all sufficiently small positive e, simple closed curves disjoint from X. There are now two ways to describe the number of times the curve X + EU winds about X:
(a) Since X and X + EU are disjoint closed curves, their linking number Lk(X,X + eU) is defined [11] . For sufficiently small e the linking number is independent of e, hence for such e we may call Lk(X,X + EU) the linking number of the strip (X,U). The linking number of (X, U) is an integer independent of the direction of travel along X and does not change if (X, U) is deformed smoothly through simple closed strips.
(b) The vectors T, U and V = T X U define a moving frame (T, U, V) along X. Let Q denote the angular velocity vector describing the rate of rotation of the frame with respect to arclength s, so that T' = Q X T, U' = Q X U and V' = Q X V. Let w, W2Wand 3 be the components of Q referred to the moving frame, i.e., Q = w1T + W2U + co3V. Then co, represents the angular rate at which U revolves about X. Following Love [121 we call w the twist of the strip at each point of the curve. Define the total twist of the strip (X, U) to be the integral of ws with respect to arclength over the curve and, in order to obtain a quantity comparable to the linking number, define the total twist number Tw(X,U) to be the total twist divided by 2Tr: Tw(X,U) = '/27r.fcoids.
The total twist number need not be an integer.
If the curve X is a simple plane curve then the linking number Lk(X,X + eU) and the total twist number Tw(X, U) are equal. For a space curve this equality does not in general hold. However, it can be verified that If C is wound as a helix with pitch angle a on a cylinde: radius r, a calculation ignoring the twist along the curve joir the ends of the helix gives Wr(C) N(signum a -sin a) wher is the (not necessarily whole) number of turns. A similar calci tion for R gives Wr(R) --N sin a. For either curve, the I that is helically wound has length 4 = 2wrN seca and curval K = r-COS2a.
for any two strips (X,U) and (X,U*) based on same space curve X the equation Lk(X,X + EU) Tw(X,U) = Lk(X,X + EU*) -Tw(X,U*) holds. 1 difference Lk(X,X + EU) -Tw(X,U) is thus a g metric invariant of the space curve X itself, which call the writhing number Wr(X). The starting point our analysis is the defining relation for the writh number:
The writhing number is invariant under rigid motif and dilatations; it is independent of the direction travel along X; reflection across a plane changes signs of Wr, Lk and Tw.
To compute the writhing number of a smooth sim closed curve X from the defining relation (1) it suffi to compute the linking number and the total twist any strip based on X. If the curvature of X never v ishes, so that the principal normal P is everywi defined, then the twist of the strip (X,P) is the torsic of the curve X [7, 8, 10] . This method is used to obt the writhing numbers of the curves in Fig. 1 (2) Given the appropriate plane representation of X, formula (2) enables one to compute Wr(X, d) by inspection (see Fig. 2 ; in Fig. 1 both directional writhing numbers are equal to -5).
The writhing number of a space curve X is equal to the average of all its directional writhing numbers, the average being taken with respect to area on the unit sphere (*, t): 
THE ELASTIC ENERGY OF A TWISTED AND CLOSED THIN ROD
According to the discussion in Love, the deformed position of a thin rod of circular cross section defines a strip (X, U), where X is the curve described by the centers of the cross sections and U is tangent to a surface containing X which, before deformation, was a plane containing the axis of the rod. The elastic energy of its deformed position is given in the ordinary approximate theory by the integral E = 1/2 fOJt (AK2 + CW12)dx, where t is the length of X, A is the coefficient of flexural rigidity of the rod, K is the curvature of X, C is the coefficient of torsional rigidity of the rod and w, is the twist of (X,U) [12, 14] . Unless the above energy expression is specified, the following discussion will apply to a more general relation between stress and strain, whereby 1/2(AK2 + CW12) is replaced by an unspecified smooth function 4p(K,col) of K and co,. Now suppose that the rod is twisted and its ends butted together in such a way that lines parallel to the axis of the undeformed rod go into closed curves. (X, U) is then a simple closed strip. When X has zero writhing number Lk(X,X + EU) is the total twist I Results of this type are obtained by regarding X as a curve in the surface generated by the perpendiculars to the plane projection of X and taking U normal to this surface to compute Wr(X).
One finds Lk(X,X + WU) = Wr(X,d) and the twist, using the formula given for Tr, to be K,,(sin 0)(dsp/ds), where 0 is the angle T(s) makes with the plane. By applying the inequalities of Schwartz and Holder to the expression for Tw(X, U), one obtains the inequality (4). This inequality was suggested to the author by D. W. Boyd. In what follows we shall be interested in the positions of elastic equilibrium of the rod, i.e. those whose elastic energy is a relative minimum, corresponding to various values of Lk. For large values of Lk this problem makes sense only if we take into account the thickness of the rod. Otherwise a twisted loop as in Fig. 1 , if allowed to twine on a cylinder of arbitrarily small radius, can raise the writhing number of the central curve to any value whatever while keeping the end loops large and the pitch angle nearly vertical in such a way that the curvature remains bounded. The consequence of this is that any linking number imposed on the rod can be "unwound" so that the twist vanishes and the elastic energy remains bounded. To avoid this "paradox" we introduce the thickness of the rod by specifying that the central curve X of a "rod of diameter d" must satisfy the following constraint: any segment joining two distinct points of X and perpendicular to X at each end must have length at least d. The minimum values of deformation energy may not be attained by rods corresponding to smooth strips (the overlap constraint may require discontinuities in the curvature), hence we must regard these equilibrium rods as limits of minimizing sequences of rods corresponding to smooth strips.
For rods of molecular size the twist wi is not an observable quantity, whereas the shape represented by X can be seen with the electron microscope (if X is nearly flat) or studied indirectly via its effect on sedimentation rates (Upholt, W. B., H. B. Gray, Jr., and 
The function g is determined by the ratio d/t of the diameter to the length of the rod. Eq. (5) [16] have derived a relation between its coefficient of flexural rigidity A, the absolute temperature T, and the mean square of the distance between its ends. The doublestranded DNA rings studied by Vinograd and others bring in the twist and the deformation-invariant parameter Lk. Electron micrographs of these molecules for various values of Lk suggest that for large Lk their shape is less influenced by random forces. Thus for Lk = 0 they look more like random closed curves than circles, while for large Lk one sees clearly recognizable twisted loops which, for still larger Lk, change into branched forms (paper submitted to J. Mol. Biol. by Upholt, Gray, and Vinograd). Calculations of the deformation energy E(X,Lk) for twisted closed rods, using so = 1/2(AK2 + Ccoi2), suggest an equilibrium shape similar to the twisted loop over a range of values of Lk. The breakdown of the twisted loop into a branched form is not fully understood as yet, but one can show that for sufficiently large Lk the twisted loop can no longer represent a configuration of (absolutely) least energy. The reason for this is that the thickness of the rod limits the possible writhing numbers the twisted loop form can attain. Other shapes such as the coil of Fig. 1 , while having more curvature for small writhing numbers, can attain larger writhing numbers for a given length and diameter and so reach lower energy levels for large linking numbers by reducing the twist. These considerations suggest that the closed thin rod, with no account taken of statistical forces, may be an appropriate model for closed double-stranded DNA rings for large linking numbers. Such a model may help to determine for DNA the energy of deformation per unit length, both as a function of curvature and of twist.
